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Abstract—In this paper, we construct Ishikawa it-
erative scheme with errors for nonself nonexpansive
maps and approximate ﬁxed points of these maps
through weak and strong convergenc of the scheme.
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1 Introduction
Let C be a nonempty subset of a real Banach space E.
The map T : C → C is nonexpansive if
 Tx− Ty ≤  x − y  for all x,y ∈ C.
Nonexpansive selfmaps ever since their introduction, re-
mained a popular area of research in various ﬁelds. It-
erative construction of ﬁxed points of these maps is a
fascinating ﬁeld of research. In 1967, Browder [1] studied
the iterative construction of ﬁxed points of nonexpansive
selfmaps on closed and convex subsets of a Hilbert space.
The Ishikawa iteration process in the context of self non-
expansive maps and asymptotically nonexpansive maps
on closed convex subsets of a Banach space has been con-
sidered by a number of authors (see, for example, [2-5,
8-10] and the references therein). However, if the domain
C of T is a proper subset of E and T : C → E, then this
iteration process may fail to be well deﬁned (see, e.g, [7]).
A subset C of E is said to be a retract of E if there exists
a continuous map P : E → C such that Px = x for all
x ∈ C. A map P : E → E is a retraction if P2 = P. It
easily follows that if a map P is a retraction, then Py= y
for all y in the range of P. T : C → C is demi-compact if
for a sequence {xn} in C with limn→∞  xn − Txn  =0 ,
there exists a subsequence {xni} of {xn} such that xni →
p ∈ C.
We construct the Ishikawa iteration scheme as follows:
xn+1 = P(αnxn + βnTyn + γnun),
yn = P(α ´
nxn + β ´
nTxn + γ ´
nvn) for all n ≥ 1 (1)
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where x1 ∈ C,T : C → E is a nonself map, P : E → C is
a nonexpansive retraction, {αn},{βn},{γn},{α ´
n},{β ´
n}
and {γ ´
n} are real sequences in [0,1] such that αn +βn +
γn =1=α ´
n + β ´
n + γ ´
n;{un} and {vn} are bounded
sequences in C.
If γn = γ ´
n =0 ,then (1) becomes the iteration process
studied by Shahzad[7] and if T is a selfmap, then (1)
reduces to the following iteration scheme:
xn+1 = αnxn + βnTyn + γnun,
yn = α ´
nxn + β ´
nTxn + γ ´
nvn for all n ≥ 1.
In this paper, we approximate ﬁxed points of nonself non-
expansive maps through weak and strong convergence
of the scheme(1). Our theorems improve and generalize
some previous results of selfmaps and nonself maps.
2 Preliminaries and Notations
Recall that a Banach space E is said to be uniformly
convex if for each r with 0 <r≤ 2 , the modulus of
convexity of E given by
δ(r) = inf

1 −
1
2
 x + y  :  x ≤1, y ≤1, x − y ≥r

,
satisﬁes the inequality δ(r) > 0. For sequences, the sym-
bol → (resp. ) denotes norm (resp. weak) convergence.
The space E is said to satisfy the Opial’s property [6]
if for any sequence {xn} in E, xn  ximplies that
limsupn→∞  xn − x  < limsupn→∞  xn − y  for all
y ∈ E with y  = x.
A map T : C → E is called demiclosed at y ∈ E if for
each sequence {xn} in C and each x ∈ E, xn  xand
Txn → y imply that x ∈ C and Tx= y.
We need the following known lemmas.
Lemma 1 [11] Let {sn} and {tn} be two nonnegative
real sequences satisfying
sn+1 ≤ sn + tn for alln ≥ 1.
If
∞
n=1 tn < ∞, then limn→∞ sn exists.
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of a uniformly convex Banach space and let T : C → E
be a nonexpansive map. Then I − T is demiclosed at 0.
Lemma 3 [12] Let p>1 and r>0 be two ﬁxed real
numbers. Then a Banach space E is uniformly convex if
and only if there is a continuous strictly increasing convex
function g :[ 0 ,∞) → [0,∞) satisfying g(0) = 0 such that
 λx +( 1− λ)y 
p ≤ λ x 
p+(1−λ) y 
p−wp(λ)g( x − y )
for all x,y ∈ Br[0], where Br[0] = {x ∈ E :  x ≤r} and
wp(λ)=λp(1 − λ)+λ(1 − λ)p for all λ ∈ [0,1].
3 Convergence Analysis
We establish a pair of lemmas to prove our convergence
results.
The set of ﬁxed points of T is denoted by
F(T)={x ∈ C : Tx= x}.
Lemma 4 Let C be a nonempty convex subset of a
normed space E and let T : C → E be a nonexpan-
sive map with F(T)  = φ.I f {xn} is deﬁned as in (1)
where {αn},{βn},{γn},{α ´
n},{β ´
n} and {γ ´
n} are real se-
quences in [0,1] such that αn + βn + γn =1=α ´
n +
β ´
n + γ ´
n,
∞
n=1 γn < ∞,
∞
n=1 γ ´
n < ∞;{un} and {vn}
are bounded sequences in C, then limn→∞  xn − q  exists
for all q ∈ F(T).
Proof. Let q ∈ F(T). Then M =
max

supn≥1  un − q ,supn≥1  vn − q 

< ∞. Consider
 xn+1 − q  =  P(αnxn + βnTy n + γnun) − q 
≤  αnxn + βnTy n + γnun − q 
≤  αn(xn − q)+βn(Ty n − q)+γn(un − q) 
≤ αn  xn − q  + βn  Ty n − q  + γn  un − q 
≤ αn  xn − q  + βn  yn − q  + γnM
= βn

P(α
´
nxn + β
´
nTx n + γ
´
n) − q


+αn  xn − q  + γnM
≤ (α
´
nβn + βnβ
´
n + αn) xn − q 
+(γn + βnγ
´
n)M
≤

(1 − β
´
n)βn + βnβ
´
n +( 1− βn)
	
 xn − q 
+(γn + βnγ
´
n)M
=  xn − q  +( γn + βnγ
´
n)M.
Hence by Lemma 1, limn→∞  xn − q  ex-
ists.
Lemma 5 Let E be a uniformly convex Banach space
and let C be a nonempty closed convex subset of E
which is also a nonexpansive retract of E. Let T :
C → E be a nonexpansive map with F(T)  = φ. Let
{αn},{βn},{γn},{α ´
n},{β ´
n} and {γ ´
n} be real sequences
in [0,1] such that αn + βn + γn =1=α ´
n + β ´
n +
γ ´
n,0 ≤ βn ≤ β<1,
∞
n=1 βn,= ∞,limsupn→∞ β ´
n <
1,
∞
n=1 γn < ∞,
∞
n=1 γ ´
n < ∞;{un} and {vn} are
bounded sequences in C. Then for the sequence {xn} given
by (1), we have liminfn→∞  xn − Txn  =0 .
Proof. For any q ∈ F(T), we have
 yn − q  =
 P(α ´
nxn + β ´
nTxn + γ ´
nvn) − q
 
≤

α ´
nxn + β ´
nTxn + γ ´
nvn − q


≤ α ´
n  xn − q  + β ´
n  Txn − q  + γ ´
n  vn − q 
≤ (α ´
n + β ´
n) xn − q  + γ ´
n  vn − q ,
which shows that {yn} is bounded. Consequently,
{xn −q,Tyn −q}∈Br[0]∩C for some r>0. Denote by
H, the max of
(i) supn≥1  xn − q 
2
(ii)supn≥1


 vn − xn 
2 +2
 β
´
n(Ty n − q)+( 1− β
´
n)(xn − q)
  vn − xn 
2
and
(iii) supn≥1


 un − xn 
2 +2 βn(Ty n − q)+( 1− βn)(xn − q)  un − xn 
2
From Lemma 3 and the scheme (1), we have
 xn+1 − q 2 =  P(αnxn + βnTyn + γnun) − q 2
≤  αnxn + βnTyn + γnun − q 2
=  βn(Tyn − q)+( 1− βn)(xn − q)+γn(un − xn) 2
≤  βn(Tyn − q)+( 1− βn)(xn − q) 2 + γnH
≤ βn  Tyn − q 2 +( 1− βn) xn − q 2
−w2(βn)g( xn − Tyn )+γnH
≤ βn  Tyn − q 2 +( 1− βn) xn − q 2
−βn(1 − βn)g( xn − Tyn )+γnH
≤ βn  yn − q 2 +( 1− βn) xn − q 2
−βn(1 − β)g( xn − Tyn )+γnHβnβ ´
n  Txn − q 2
+βn(1 − β ´
n) xn − q 2 +( 1− βn) xn − q 2
−βn(1 − βn)g( xn − Tyn )+( γn + γ ´
n)H
≤  xn − q 2 − βn(1 − βn)g( xn − Tyn )+( γn + γ ´
n)H
 xn − q 2 − βn(1 − β)g( xn − Tyn )+( γn + γ ´
n)H
That is,
βn(1 − β)g( xn − Ty n ) ≤  xn − q 
2 −  xn+1 − q 
2
+(γn + γ
´
n)H (2)
Let m be a positive integer such that m ≥ 1. Summing
up the terms from 1 to m on both sides of (2), we have
(1 − β)
m 
n=1
βng( xn − Tyn ) ≤  x1 − q 
2 −  xm+1 − q 
2
+H
m 
n=1
(γn + γ ´
n) (3)
Let m →∞in (3). Then we have
(1−β)
∞ 
n=1
βng( xn − Tyn ) ≤  x1 − q 
2+H
∞ 
n=1
(γn+γ ´
n)
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∞
n=1 βn = 0 that
liminf
n→∞
g( xn − Tyn )=0 .
By vitue of the properties of the function g, we conclude
that
liminf
n→∞
 xn − Tyn  =0 .
Since P is a nonexpansive retraction, so we have
 xn − Txn ≤  xn − Tyn  +  Txn − Tyn 
≤  xn − Tyn  +  xn − yn 
=  xn − Tyn 
+
 Pxn − P(α ´
nxn + β ´
nTxn + γ ´
nvn)
 
≤  xn − Tyn 
+
 xn − (α ´
nxn + β ´
nTxn + γ ´
nvn)
 
=  xn − Tyn  + β ´
n  xn − Txn  + γ ´
n  xn − vn 
≤  xn − Tyn  + β ´
n  xn − Txn  + γ ´
nH
That is,
(1 − β ´
n) xn − Txn ≤  xn − Tyn  + γ ´
nH
By taking liminf on both sides of the above inequality,
we have
liminf
n→∞  xn − Txn  =0 . (4)
Theorem 1 Let E be a uniformly convex Banach space
satisfying the Opial property and let C,T and {xn} be as
in Lemma 5. If F(T)  = φ , then {xn} converges weakly
to a ﬁxed point of T.
Proof. By Lemma 5, liminfn→∞  xn−Txn  =0 . There-
fore, there exists a subsequence {xm} of {xn} such that
limm→∞  xm−Txm  =0 . For q ∈ F(T),limn→∞  xn−q 
exists as proved in Lemma 3. Since E is refexive, there
exists a subsequence {xmi} of {xm} converging weakly
to some z1 ∈ C. Now limm→∞  xm − Txm  =0 ,I− T
is demiclosed at 0 by Lemma 2 and hence we obtain
Tz1 = z1. That is, z1 ∈ F(T). In order to show that
{xm} converges weakly to z1, take a subsequence {xmj}
of {xm} converging weakly to some z2 ∈ C. Again, as
before, we can prove that z2 ∈ F(T). Next, we prove
that z1 = z2. Suppose that z1  = z2. Then by the Opial
property
lim
m→∞ xm − z1  = lim
mi→∞ xmi − z1 
< lim
mi→∞
 xmi − z2 
= lim
m→∞
 xm − z2 
= lim
mj→∞ xmj − z2 
< lim
mj→∞ xmj − z1 
= lim
m→∞ xm − z1 ,
a contradiction. This proves that {xm} con-
verges weakly to a ﬁxed point of T. As
limn→∞  xn − q  exists for all q ∈ F(T), there-
fore {xn} converges weakly to a ﬁxed point of T.
Theorem 2 Let E be a uniformly convex Banach space
and let C,T and {xn} be as in Lemma 5. If T is demi-
compact and F(T)  = φ, then {xn} converges strongly to
a ﬁxed point of T.
Proof. As in the proof of Lemma 5, limm→∞  xm −
Txm  = 0 for a subsequence {xm} of {xn}. Suppose
that T is demi-compact. Since {xm} is bounded and
limm→∞  xm −Txm  =0 , therefore there exists a subse-
quence {xi} of {xm} such that {xi} converges strongly
to z ∈ C. In view of (4), z is a ﬁxed point of T.As
limn→∞  xn − q  exists for all q ∈ F(T), so xn →
z.
Remark 1 (i) Lemma 5 improves Lemma 5 due to Khan
and Fukhar-ud-din [5] in the case of one map and Theo-
rem 3.3 of Shahzad [7].
(ii) Theorem 1 improves Theorem 3.2 of Takahashi and
Tamura [9] and also Theorem 1 of Khan and Fukhar-ud-
din [5] in the case of one map.
(iii) Theorem 2 improves Theorem 3.7 [7] and Theorem
4.2 of Takahashi and Tamura [9] in the setting of a uni-
formly convex Banach space.
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